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Abstract. The main results of this article are small time heat comparison 
results for two points in two manifolds with characteristic functions as initial 
temperature distributions (Theorems 1 and 2). These results are based on the 
geometric concepts of (essential) distance from the complement and spherical 
area function. We also discuss some other geometric results about the heat 
development and illustrate them by examples. 



1. Introduction: Examples and statement of results 

This article is mainly concerned with small time properties of the heat flow on 
Riemannian manifolds. Of particular interest are geometric heat comparison criteria 
for two different points in two manifolds. All Riemannian manifolds M considered 
in this Introduction are connected, complete and without boundary. We also assume 
that they have a lower (not necessarily positive) bound on the Ricci curvature, an 
upper bound on the sectional curvature and a positive lower bound on the injectivity 
radius. For any closed subset C M with vo\ n (dfl) = (where n = dimM and 
vol n denotes the Riemannian measure on M) let fo.,x ■ (0,oo) x M — > K denote 
the smooth solution of the heat equation 

(1) ^f(t,x)=Af(t,x), ljmf(t,x)= X n(x) for all x e M\dQ, 

where xo is the characteristic function of f2. The solution /n,M is given by 

fn,M(t,x)= / k M (t,x,y)dy, 
Jn 

where kj^ is the heat kernel on M . /n,Af(i) •) describes the temperature distribution 
of the heat flow at time t > for the given initial temperature distribution xn ■ Our 
comparison data are given by triples (x, O, M), where M is a Riemannian manifold 
(with the above properties), x S M and f2 is a closed subset of M with vol„(<9£!) = 0. 
A closed subset ft C M with vol„(<9f2) — is called henceforth admissible. 

Definition 1.1. We say that (x\,VLi,Mi) is initially hotter than (0:2,^2,-^2) if 
there exists a time r > such that 

(2) /hi,Mi(£,£i) > fn 2 ,M2( t > x 2) for all t £ (0,r). 

(xi , Cli , Mi) is initially strictly hotter than (£2,^2,-^2), if inequality (J2J holds 
strictly. 
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// (xi, f2i, Mi) is initially hotter, resp., initially strictly hotter than (x 2 , 0,2, M2), 
we write shortly 

(xi,Oi,Mi) h (X2,0 2 ,M 2 ), respectively, {x 1 ,Vt 1 ,M 1 ) > (x 2 ,n 2 ,M 1 ). 

We also want to compare the initial temperatures of subsets of two manifolds. 

Definition 1.2. We say that the set I\ C M\ is uniformly initially strictly hotter 
than I2 C M 2 , if for all x\ £ I\ and x 2 £ I 2 inequality @ holds strictly with a 
uniform r > 0. In this case we write M\) >- (I 2 , Q, 2 ,Mi ). 

To state our first result, we need some preparations. Let fl C M be an admissible 
subset. Let B r (x) denote the closed ball of radius r about x. The function R : 
M -> [0,oo], defined by 

R(x) := sup{r > | vol„(B r (x)) = vol„(B r (x) n fi)}, 

is called the (essential) distance of x from the complement Q c = M\Q. Note that 
x € £l c implies R(x) = 0. Moreover, R(y) > R(x) — d(x,y) implies that R is 
continuos. If Q is a closed set with piecewise smooth boundary then we have 

R(x) = d(x,TF). 

The supremum 

Roo(Q) := supR(x) 

is called the inradius of the set CI and the set 

IocifL) :={ien| R(x) = floo(n)} 

denotes the set of maximally interior points of f2. Continuity of R : M — > [0, 00] 
implies that Jqo(^) is a closed set. 

Let inj(x) denote the injectivity radius of M at x. The distance from the com- 
plement plays an important role in the following comparison criterion. 

Theorem 1. Let (xi,f2i,Mi) and (x 2 ,^l2, M2) be given and let Rj : Mj — > [0, 00] 
be the corresponding distances from the complements. If Rj(xj) < inj(Xj), for 
j = 1, 2 , and 

fli(xi) < R 2 (x 2 ), 
then (x 2 ,n 2 , M 2 ) is initially strictly hotter than (xi,f2i,Mi). 

More general, given < R\ < R 2 and two compact sets I\ C M\ and I 2 C M 2 
satisfying 

(a) i?i(xi) < Ri for all x\ £ I\ and R 2 (x 2 ) > R 2 for all x 2 G I 2 , 

(b) R 2 < inj(x) for all x £ I\ U h- 

Then I\ is uniformly initially strictly hotter than I 2 . 

Note that if fl C M is an admissible set then so is fl c . Using this fact and heat 
conservation (see property (HK2) in Section 2), Theorem ^ can also be used to 
compare points outside the domains flj. 

Corollary 1.3. Let (xi,Oi,Mi) and (x 2 ,Cl 2 , M 2 ) be given and 

Rj(x) := sup{r > | vol n {B r (x) n%) = 0} for x £ Mj. 
IfRJ(xj) < inj(xj), for j = 1,2, and 

Ri(xi) > R 2 {x 2 ), 
then (x 2 ,VL 2 ,M 2 ) is initially strictly hotter than (xi,f2i,Mi). 
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The following example is an easy application of the theorem. 

Example 1: Let II i C R 2 and n 2 C H 2 be two regular n-gons incribed in a 
Euclidean and a hyperbolic circle of the same radius R > 0. Let x\ S 111 and 
x% G LT2 be the corresponding centers. Then the radii r\ and of the corresponding 
inballs are given by 

7*1 = cos(7r jn)R and tanhr 2 = cos(7r/n) tanhi?, 

and strict concavity of r 1— » tanh(r) on [0, 00) implies that r\ > r-z- Hence, 
(xi,IIi,K 2 ) is initially strictly hotter than (x2, II2, H 2 ). 

Another consequence of Theorem is the existence of a unique initially hottest 
point if there is a unique point x € Cl with largest distance to the boundary (see 
Corollary 11.51 below) . Initially hottest points are defined as follows: 

Definition 1.4. Let Cl C M be an admissible subset, x e M is an initially hottest 
point of Cl if and only if 

(x, Cl, M) y [x', Cl, M ) for all x' e M. 

Corollary 1.5. Let Cl C M be an admissible subset and R : M —* [0, 00] be the 

corresponding distance from the complement. We assume that R(x) < inj(x) for 
all x G fl. If the set /^(fi) of maximally interior points consists of only one point 
then this point is also a unique initially hottest point of CI. 

Corollary 11.51 applies . e.g., to strictly convex compact subsets fl of R". 

In |ChK-90| . Chavel and Karp study the behaviour of the set of hottest points 

H(t) = H n (t) =: {x € M \ fu,u(t,x ) = max/n,M (*> 

as t — * 00. The following result gives informations about the set H(t), as t — > 0. 

Corollary 1.6. Let CI d M be a compact admissible set of positive volume, let 
R ; M — * [0, 00) be the corresponding distance from the complement, and H(t) be 
the set of hottest points. We assume that i?oo(f2) < inj(a;) for all x £ CI. Then we 
have, for any sequence {xj} with Xj G H(tj), and tj — » 0: 

as j — > 00 . 

Corollaries 11.51 and 1 1 . 61 are used in our next example. 

Example 2: Let A C R 2 be an arbitrary Euclidean triangle. The center of the 
inball of A is the unique initially hottest point, by Corollary 11.51 The results in 
|ChK-90j imply that the set of hottest points H(t) remains in the triangle A for 
all t > 0; moreover, H(t) converges to the center of mass of A, as t — > 00. In 
combination with Corollary II. 61 we conclude that the map t 1— » H(t) evolves from 
the center of the inball and, finally, collapses into the center of mass of the triangle. 
The precise trajectory of this map is not clear to us. Numerical analysis shows that 
the trajectory stays close to (but not on) the straight Euclidean arc connecting 
these two centers. The experiments seem also to indicate that H(t) is always a 
single point, but we lack a proof of this assumption. However, the next proposition 
implies that H(t) is a single point at least for sufficiently large t. 
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Proposition 1.7. Let Q C R™ be a compact admissibe set of positive volume. 
Then there is a T = T(fl) > such that H(t) consists of a single point, for 
all t > T . Moreover, the map t i— > H(t) is a smooth curve and the temperature 
t i ► /n,E"(i, H(t)) at the hottest point is strictly decreasing on the interval (T, oo). 

The monotonicity statement of Proposition 11.71 and the proof of it has been 
pointed out to us by Oliver Stein. Further applications of Proposition 11.71 are 
discussed in the next two examples. 

Examples 3 and 4: Let A and A be an Euclidean annulus and a dumbbell, as 
presented in Figure ^ 

The initially hottest points of the annulus A form the dashed circle. By symmetry 
reasons, the set H(t) of hottest points is spherically symmetric with respect to Zq, 
for all t > 0. By |ChK-90| . H(t) shrinks to Zq, as t — > oo. Now, Proposition 11.71 
implies that H (t) arrives at zq in finite time. 

zi and Z3 are the initially hottest points of the dumbbell A. Assume that the 
coordinates of z\ and Z3 are (—a, 0) and (a, 0). An easy argument, using the form 
of the heat kernel along the vertical axes shows for any point z = (x,y), y =/= that 
the point (a;,0) is initally strictly hotter than z. This implies that H(t) Clx {0}, 
for all times t > 0. By the same reasoning as above we conclude that there is a finite 
time T > such that H(t) = {22} for all t > T. The development of hottest points 
of a more simple dumbbell (with square ends) is explicitely discussed in Appendix 

El 

Note that there is no analogue of Proposition 11.71 in hyperbolic space. It was 
pointed out in ChK-90 that, for fl equals a large enough hyperbolic dumbbell, the 
set H(t) does not converge to a single limit point, as t — > 00. 

Our next result refers to Euclidean and hyperbolic polygons. 

Proposition 1.8. Let M be the Euclidean or the hyperbolic plane and Si, S2 C M 
be two polygons of the same area and the same number of sides. Assume that Si 
is regular and that x\ is its center. Then we have 

(3) /s!,M(i,a;i) > max/s 2iM (t, x). 

If pj holds with equality for some time t > then S2 is also regular. In particular, 
we have (xi, Si, M) >z (x, £2, M), for all x € M . 
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Now, we move on to examples in which Theorem ^ is not applicable. 

Example 5: In Figure [21 the inradius at the point Z\ in fix coincides with the 
inradii at the points z 2 and Z3 in 2 . Therefore, the initial heat of z\ and z 2 cannot 
be compared with the help of Theorem ^ 




Figure 2. Example 5: Comparison of (zi,f2i,IR 2 ) and (z 2 ,f2 2 ,R 2 ) 



Example 6: Let C C M. 2 be a plane curve with absolute curvature bounded from 
above by a positive constant k = 1/r > 0. Let S C I 2 denote the closed i?-tube 
about C of width R < r (see Figure [3J. Then Theorem ^ cannot be applied to a 
pair of points z±, z 2 on C . 

To treat the last two examples we introduce a finer criterion which is specially 
adapted to the cases M = M." and M — H™. To do so, we first introduce the 
spherical area function A : [0, 00) — > [0, 00) of a triple (cc, f2, M) as 

A(r) :=vol„_i(SV(a;)nQ), 

where S r (x) denotes the sphere of radius r about x. 

Theorem 2. Let M = M. n or M = H n and f2i, f2 2 C M be two admissible subsets. 
Let X\,X2 G M and Aj : [0, 00) — + [0, 00) be the corresponding spherical area 
functions. If there exist < R < R such that the following inequalities are satisfied: 

Ai(r) < A 2 (r) for all r G [0,R], 

Ai(r) < A 2 (r) for all r € (R, R) , 

then (x2,&,2,M) is initially strictly hotter than {x\,Vli,M). 




FIGURE 3. Example 6: Comparison of (zi,S,R 2 ) and (z 2 ,£,lR 2 ) 



6 



LEON KARP AND NORBERT PEYERIMHOFF 




Two points X\ E ft i and x-i E O2 with the same distance R > from the 
boundaries can thus be compared via the behavior of the corresponding spherical 
area functions on the interval (R, R). 

Before we return to Examples 5 and 6 we first discuss the asymptotics of a 
particular angle (see Figure in a useful model case. 

Proposition 1.9. Let k S R be a constant and c : R — > R 2 be a curve passing 
horizontally through the origin and given by 

c(t)=i(l,0) + ^-(0, « + ¥>(*)) 

with lim t ^o cp(t) = 0. (Note that k is the curvature of c at t = 0.) Let O denote 
the origin and P denote the point (0,R) E R 2 for a fixed R E (0, i). Then the 
angle 9(e) = ZOPQ, given by the intersection point Q of the circle Su+ e (P) with 
the curve c(R) near c(0) with positive horizontal coordinate (see Figure Op, has the 
following asymptotics, 

R + e \ VI - Rk J 

with lim c ^Q+ ^(e) = 0. 

With Theorem [21 and Proposition 11.91 in hand, we can compare the initial heat 
of the points in Examples 5 and 6. 

Examples 5 and 6 (continued): In Figure[2the triple (iri, R 2 ) is initially 
strictly hotter than (x 2 ,^2,R 2 ), since A\(r) = A 2 (r) for < r < R, and Ai(r) > 
A 2 (r) for R < r < R+ 6. 

In Example 6, let c : [a, b] — > R 2 be a parametrization of C. We choose a point 
z = c(t) E C with corresponding curvature K E [0, k] (the arguments for the case 
k E [— k,0) go analogously). Then Sr(z) C £ touches <9£ in two points where <9£ 
has curvatures < 1j ^ Rk < 1 _ k Rk ■ Proposition II .91 tells us that the corresponding 
spherical area function satisfies 

A(R + e) = 2tt(R + e) - V&R {yi-Rn + \/1 + Rk + o(l)) e 1/2 . 

(Note that, seen from the point z of the central curve C, the proposition has to be 
applied with the curvatures k_ = — and k + = 1+ ^ K .) 
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For two points Zi, z% E C with corresponding absolute curvatures < n\ < K2 < 
k and corresponding spherical area functions Ai (r) we conclude from the concavity 
of x i— » y 7 ^; that 

Ai(i? + e) < A 2 (R + e) 
for small enough e > 0. Thus, z 2 is initially strictly hotter than Z\. The corre- 
sponding problem for a tube about a space curve C C M 3 is discussed in detail in 
Appendix IbI 

The following proposition treats the limiting behavior of the temperature at 
boundary points, as t — ■> 0. 

Proposition 1.10. Let f2 C M be an admissible subset, x G dQ be a boundary 
point, S r (x) be the metric sphere of radius r > about x and A : [0,oo) — * [0, oo) 
be the associated spherical area function, i.e., A(r) = vol n -i(S r (x) (~lf2). Assume 
that the limit on the right hand side of J3J exists. Then the temperature limit at x 
is given by 

A(r) 

(4) lim fa,M(t,x) = lim — )' 

t^o+ ' r^o vol„_i(5 r (x)) 

At smooth boundary points x G Oil, we have, in particular, 

lim fa,Af(t,x) = 

Example 7: Let IT be an arbitrary polygon in the Euclidean or hyperbolic plane 
M with angles a\, a-x, . . . , a n at the vertices x%, X2, ■ ■ ■ , x n , respectively. Then we 
have 

1/2 if x e dA\{xi,X2,...,x n }, 
otj/ (2tt) if x = Xj. 



lim fA,Ai(t,x) = 



As a refinement of the boundary behavior at smooth points we have the following 
consequence of Theorem [21 

Corollary 1.11. Let il C K." be an admissible subset and let Hgn(x) denote the 
mean curvature of dfl at a smooth point x G dfl, with respect to the outer unit 
normal vector. Then we have 

H 9n (zi) < H dn (z 2 ) => (zi,Q,R n ) >~ (z 2 ,0,M™). 

Let us, finally, discuss a heat comparison result based on Steiner symmetrization 
in M = l n or M = H™. Steiner symmetrization is a geometric procedure which 
associates, to every compact set A C M, a new set S(A) C M of the same volume 
which is symmetric with respect to a given hyperplane E C M . This geometric 
procedure has many useful applications in isoperimetric problems. In this article 
we use the notions introduced in |Pey-02| . 

Definition 1.12. Let M = W or M = HP 1 , g C M be a geodesic and E be a 
orthogonal hyperplane to g. h is called a g-line if there exists a 2-plane containing 
both g and h such that h is a curve of fixed distance to g. Let tt : M — > E denote 
the projection whose preimages are the g-lines. 

Let A CI M be a compact set. Steiner symmetrization S(A) C M with respect to 
the data (<?, E) is then uniquely determined by the following properties: 

(a) For all g-lines h, the intersection S(A) n h is either empty or a bounded 
closed interval which is symmetric with respect to E. 
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(b) //, for every g-line h, Ah denotes the Riemannian measure of the submani- 
fold h C M, then we have 

x h (S(A)nh) = x h (Anh). 

Moreover, S(A) n h is empty if and only if An h is empty. 

In the Euclidean case, g-lines are just straight Euclidean lines parallel to g. If 
M = H 2 , <?-lines are hypercycles with the same end points as g. 

Steiner symmetrization enjoys the following useful properties (see, e.g., |Pey-02| 
Prop. 8]): 

(51) AcB implies that S(A) c S(B). 

(52) We have vol„(S(A)) = vol n (A). 

(53) If B C M is a closed metric ball of radius R > about x € M, then S(B) 
is a closed metric ball of the same radius about 7r(x). 

Our last result reads as follows: 

Proposition 1.13. Let M = M™ or M = M n , S denote Steiner symmetrization 
in M with respect to the data (g, E) and -k : M — > E denote orthogonal projection 
along g-lines. Then we have for every compact admissible set f2 C M and every 
point 

(5) fn,M(t,x) < fs(Q),M(t,Tr(x)) for all times t > . 

Let E x be the orthogonal hyperplane to g through x and s x : M — ► M denote the 
reflection in E x . Iffl is not essentially symmetric with respect to E x , i.e., 

vol„(fi As K (0)) > 0, 

then the above inequality Q holds strictly. 
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Figure 5. Example 8: Heat comparison of hyperbolic triangles 
with the same base and of the same height 

Let us illustrate this result in an example. 

Example 8: Let M = M 2 or M = H 2 . Let AB be a finite interval of a geodesic g in 
M, E C H 2 be the perpendicular bisector of AB and it : M — » E be the orthogonal 
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projection along g-lines. Let C be a point outside E and Co = tt(C) £ E. The two 
triangles Ao = AABCo and A = AABC have the same base and the same height 
and Ao is isosceles (see Figure for the case M = H 2 ). Then we have for any point 
x £ A: 

(6) /a,m(*> x) < /a , Af{t, t{x)) for all times t > 0. 

This can be seen as follows: Proposition !! .131 implies that 

/a,m(A x) < /s(a),m(£ 5 7r ( a; )) for all times t > 0. 

If M = R 2 , we have 5(A) = Ao and we are done. It remains to consider the case 
M = H 2 : In jKP-021 Thm. 4], we proved that S(A) is strictly contained in A (see 
also |Gue-03] for an easier proof of this fact). Positivity of the heat kernel implies 
strict domain monotonicity of the temperature, i.e., we have 

/s(A),h 2 (*, y) < fA ,M 2 (*> V) for a11 y e H 2 and a U times t > 0. 
Choosing y — tt(x) finishes the proof of inequality Q also in the hyperbolic case. 

A comparison result, based on symmetrization, for solutions of more general 
parabolic equations is given, e.g., in |ALT-9l| . 

At the end of the Introduction we like to give a brief explanation of the structure 
of this article. In the next section we prove Theorems ^ an( l 12 Section 3 presents 
the proofs of all the other corollaries and propositions of this Introduction. The 
article ends with two appendices discussing heat properties in further examples and 
an appendix discussing an application of the Principle of not feeling the boundary. 

Acknowledgements: The authors like to thank Oliver Stein and Djoko Wiro- 
soetisno for helpful discussions. 

2. Proof of the main results 

In this section we present the proofs of the two theorems of the Introduction. In 
each lemma, proposition and corollary of this section the geometric requirements 
on the underlying manifolds are explicitely stated. 

All our results are derived from particular properties of the heat kernel. Classical 
textbook accounts about heat kernels are, e.g., |BGM-72l ICha-84l lGr i-99 Sch Y-94j . 
Some fundamental properties of heat kernels arc listed in the following proposition. 

Proposition 2.1. Let M be a complete Riemannian manifold with lower Ricci 
curvature bound. Then there exists a unique smooth heat kernel 

k M : (0, oo)xMx¥-»l 

with the following properties: 

(HK1) (positivity) We have k\j > on (0,oo) x M x M. 
(HK2) (heat conservation) We have, for all {t,x) € (0,oo) x M: 

k M (t,x,y)dy = 1. 

(HK3) In the case M = K" or M = H" there is a strictly decreasing function 
9m ■ [0, oo) — > M such that kM{t,x,y) — gM(d(x,y)). 
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Figure 6. Introduction of the comparison triple (x\, Br(xi), Mi) 



(HK4) In the case M = 1" we have, for any choice n < r 2 < r% of radii, a 
constant tq > 0, such that 



k M (t,x,y)dy < / k M (t,x,y)dy, for all t G (0,r ). 

M\B r3 (x) J B r2 (x)\B ri (x) 

Proof. (HK1), (HK2) and (HK3) are well known facts, see, e.g., |Cha-84l pages 
181,191,192]. Multiple applications of integration by parts yield the inequality 

(7) / k M (t,x,y)dy<-^-e~^\ 

JM\B r3 (x) (47rf)"/ 2 

where p is a polynomial with coefficients only depending on n and . (If n is odd, 
Q holds with equality; if n is even, we first use the estimate 



i r°° 



r 3 

On the other hand we have 

(8) / k M (t, X ,y)dy>—^e-<^ 

J B,, 2 (x)\B ri (x) (47rf)™/ 2 

with a fixed constant C > only depending on n,ri and r-i- Both estimates Q 
and JHJl immediately imply property (HK4). □ 

Remark: We will show that (HK4) generalizes to arbitrary Riemannian manifolds, 
see Corollary 12 .41 below. Property (HK4) is the key observation in this article. 

For the proof of Theorem^we introduce a third comparison triple (ari, Br(x\), M{) 
and thus break down the statement of the theorem into two smaller results which 
are presented in the Propositions A and B below (see FigureEJ). We first state these 
propositions without proof: 

Proposition A. Consider the situation in Theorem^and let R G (Ri, -Ra)- Then 
there exists a ta > such that 

fB R (xi),Mi(xi,t) < fBR 2 (x 2 ),M 2 [x2,t) for all x\ £ h, x 2 G h and t G (0,t a ). 
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Proposition B. Consider the situation in Theorem^and let R £ (Ri, Ri). Then 
there exists a tb > such that 

fn u M! (xi,t) < fB R ( Xl ),Mi ( x ut) for all xi £ h and t £ (0, t b ). 

Proof of Theorem^ It is sufficient to prove the general statement of the theorem 
about the sets I\ and I2. We choose R £ (i?i,i?2)- Let < t < min{rA,rs} and 
xi £ Ii and X2 £ I2 be given. With the Propositions A and B we conclude that 

fni,Mi(xi,t) < fB B (xi),Mi( X ^^) < fB R2 (x 2 )M2( x 2it) < fn 2 ,M2( x 2,t), 

where the last inequality follows from domain monotonicity Br 2 {x2) C f^2- This 
finishes the proof. □ 

The proofs of Propositions A and B are a consequence of a sequence of lemmata, 
which we discuss next. 

Lemma 2.2. Let M2 be a complete Riemannian manifold with lower Ricci cur- 
vature bound — k < 0, upper sectional curvature bound K > and positive lower 
bound iq on the injectivity radius. Then there exists, for every small e > 0, a con- 
stant C u > and a time T\ > 0, both only depending on dim M, k, K, i , R and e 
such that 



for all t £ (0, Ti) and x £ Mi- 
Proof. We assume that a < 1/4 is a constant close to 1/4. We will see later how 
a has to be chosen. By the heat kernel estimate of Li and Yau (see jLY-861 Cor. 
3.1]), we have 



for all t £ (0, yio/2] and x,y £ Mi. The constants G\,Gi > depend only on 
a, k and n = dimM, whereas the existence of C3 > follows from Bishop/Glinthcr 
and depends also on the upper sectional curvature bound K > 0. Now, the volume 
form dvol = p(r, 9)d9dr in geodesic polar coordinates about x £ M2 is defined on a 
star-shaped subset of T X M 2 and satisfies 



(9) 




-(i?- e ) 2 /(4t) 




p{r, 9) < C 4 e 



C 5 r 



with C5 = (n — 1) 
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Estimating the integral in by an integration in T X M2, we obtain 
k Ah (t, x, y)dy < — ^ / / cxp ( - — I p(r, 9)d9dr 

3 R {x) t n/ JR JS"- 1 V 1 J 



M 2 \B r - 



^ 77T77 / ex P T + C 5 r ) dr 



t n/2j R t 

<°L r r-(C 5 t)/(2a) f a( C 5 A 2 \ 

" W a P U« 7 Jr R- (C 5 t)/(2a) CXP ^ t [ r 2a J ) 



^cxp^i?- ^ 

For e > given, we can choose < eo < e and a close enough to 1/4, right at the 
beginning, such that there is a time n € (0, y/io/2) with 

1 / a / C b t\ 2 \ 1 f (i?-e ) 2 

■exp -- [R- — < _exp ' 



i»/2 ^ \ * V 2a J j "= t«/2 ^ V 4f 

< exp ^- ^"^ ^ , for all t G (0, n). 

Note that all constants Cj > in this proof are positive and depend only on the 
parameters mentioned in the lemma. □ 

Lemma 2.3. Let M be a complete Riemannian manifold with Ricci curvature 
bounded from below and I C M be a compact subset. Let R,8>0 be given such 
that R + 5 < inj(x) for all x G /. Then there exists a constant Ci > and a time 
T2 > such that 

(10) / k M (t,x,y)dy>C l e^ R+ ^/^\ 

JB R+s {x)\B R {x) 

for all t € (0, T2) and x E /. 

Proof. Let U C M denote the open (R + 25)-tube about / and k® denote the 
corresponding Dirichlct heat kernel. By the Minakshisundaram-Pleijel expansion 
there is a smooth function uq such that we have for all x € I and y € Br + s{x) 1 



k§(t, x, y) = (u (x, y) + 0(t))-^^ exp (-^^) 



as t — > 



with a uniform 0(t). Here, uo(x,y) = ip x ^ 2 {x,y) (see |Cha-84| L where ip is a 
density function satisfying 

/ f{x)dx=j j f(exp y (tv))ip(exp y (tv),y)dvol Sy M(v)dt, 
Jb r ( v ) Jo Js y M 

for all / £ L 1 (B^(y)). Note that, by construction, k® < ku- Therefore, for all x,y 
as above there exists a f > such that 

k M {t,x,y) > -u (x,y)j—^exp ^ — 
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for all t £ (0,f). It follows that 

rR+S n 

k M (t,x,y)dy= / k M (x,y,t)dvol SAx) (y)dr 

B R+s (x)\B R (x) JR JS r (x) 

> ^_ [ R+5 e -r>/m [ ^yl dvo i s , ){v)dr . 

- (47ri)»/ 2 J R J Sr{x) 2 s " ix)Ky) 

Since there exists a Co > such that 

u Q (x,y)dvol Sr ( x )(y)dr > C Q , 

for all x £ I and r £ [R, R + S), we can find a t 2 £ (0, f ) such that 

r xr< c -(-R+<5) 2 /(4t) 

/ k M (t, X ,y)dy > *£ e .„ > C,e-(^/« 

iB Ji+5 (x)\B Ji (x) 2 (4^)«/ 2 

for all i <E (0,t 2 ). □ 

A consequence of the previous lemmata is the following result, generalizing prop- 
erty (HK4) to arbitrary Ricmannian manifolds. 

Corollary 2.4. Let M be a complete Riemannian manifold with lower Ricci cur- 
vature bound, upper sectional curvature bound and lower positive bound on the in- 
jectivity radius. Let I C M be a compact subset and < Rq < R with inj (x) > Rq 
for all x £ I . Then there exists, for any < 5 < R — Rq and every rj > 0, a tq > 
such that we have 

/ k M (t,x,y)dy < 7] k M (t,x, y)dy, 

JM\B r (x) J B Ro+5 (x)\Br (x) 

for all t £ (0, ro) and all x £ I . 

Proof. Without loss of generality, we may assume that Ro + S < inj(x) for all x £ I. 
Now, choose e > such that Ro + S < R — e. Then we can conclude with the help 
of Lemmata l2.2l and l2.3l that there is a To € (0, min{Ti, t 2 }) such that 

[ k M (t,x,y)dy<C u e-^ 2 /^ 

JM\B R (x) 

< nde-^+^Z^ < v [ k M (t, x, y)dy, 

J Br 0+s (x)\Br (x) 

for all t £ (0, t ) and all x £ I. □ 

Next, we prove Proposition A: 

Proof of Proposition A. Choose 6, e > such that R\ + 5 < min{inj(a; 1 ), i? 2 — e} 
for all xi £ I\. We conclude from (HK2) and Lemmata 12.21 and 12 . 31 that there is a 
ta £ (0, min{Ti, T2}) such that we have, for all x\ £ I\, x 2 £ I2 and t £ (0, ta), 

k Ml (t, xi , y)dy = 1 - / k Ml (t, x x , y)dy 

B Rl ( Xl ) iMi\B H ,(n) 

< 1 - Cl e-^+^/^ < 1 - C u e-^-^/^ 



<1-/ k M2 (t,x 2 ,y)dy =/ k M2 (t,x 2 ,y)dy. 

JM 2 \B R2 (x 2 ) JB R2 (x 2 ) 
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This finishes the proof of Proposition A. □ 

The proof of Proposition B is based on the following fact: 

Lemma 2.5 (Rearrangement-Lemma). Assume that there are two non-negative 
functions A\, A2 : [0, p] — > R satisfying the following properties: 
i) Ax(r) < A 2 (r), for all r £ [0,p], 
i)) 3 p G [0,p) with S*Ax(r)dr < J Po A 2 (r)dr. 
Then we have, for every non-increasing function f : [0,p] —>■ (0, 00): 

fP fPo 

/ 4i(r)/(r)dr< / A 2 {r)f(r)dr. 
Jo Jo 

Proof. We have 

1 [Pa rp 

A 1 (r)f(r)dr = A 1 (r)f(r)dr + A 1 (r)f{r)dr 

JO J pa 

rPo rPo rP 

= A 2 (r)f(r)dr + (A^r) - A 2 (r) f(r) dr + A x {r)f{r) dr 

Jo Jo v v ' J p a 

<0 

rPo rPo rp 

< A 2 (r)f(r)dr + f(po) Ax(r) - A 2 {r) dr + f(p ) A x (r)dr 



A 2 (r)f(r)dr + f(po)U o A 1 (r)dr- J A 2 (r)drj<J^ A 2 (r)f(r)dr. 

□ 

As a consequence of the Rearrangement-Lemma we have the following property 
of the heat kernel: 

Lemma 2.6. Let M be a complete Riemannian manifold with lower bound on the 
Ricci curvature, upper bound on the sectional curvature and lower positive bound 
on the injectivity radius. Let 51 C M be an admissible set and R : M — * [0, 00] 
be the corresponding distance from the complement. Let I C M be compact and 
Ri, R > satisfy 

R(x) <Ri<R< inj(x) for all x £ I. 
Then there exists an Rq £ , R) and a time T3 > such that 



k M (t,x,y)dy < / k M (t,x,y)dy, 
innB R (x) Jb Rq {x) 

for all t £ (0, T3) and all x £ I . 
Proof. Let 

u t (x, y) := (4irt) n / 2 e d2 ^-yV^k M (t, x, y). 
Applying Corollarv lC.il of Appendix ICl (with 8 = R) we have Ut(x, z) — * uo(x, z), 
uniformly on Bj^(x), as t — > 0. Here, uq is given by the Minakshisundaram-Pleijel 
expansion. Now we introduce the functions 



At(t,r) := / Ut(x,y)dvo\ Sr ( x ){y), 
Js r (x)nn 



A 2 (t,r) := / u t (x,y)dvol Sr (x)(y), 
Js r {x) 
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for all small t > 0. Since R > R(x), we have 

f R 

A 1 (0,r)dr< / A 2 {0,r). 



Choosing an R G [R(x),R) with 



R pRo 
Ax(0,r)dr < / A 2 (0,r)dr, 



there is also a T3 > such that 

R rRo 

Ax(t,r)dr < / A 2 (t,r)dr, 
Jo 

for all i G [0, T3). Now we apply the Rearrangement Lemma with the function 
ft(r) = p^e"^ 4 ') and obtain 

/ k M (t,x,y)dy= / k M (t, x, y)dvo\ Sr { x ){y)dr 

JnnB R (x) Jo Js r (x)nQ 

rRo r r 

< / k M {t,x,y)dvo\ Sr ( x )(y)dr = / k M (t,x,y)dy, 

JO JS r (x) JB Rq (x) 

for all t G (0, T3). □ 

Now we prove Proposition B: 
Proof of Proposition B. We choose R G (Rx, R)- We obviously have for all xx G Ix- 
ku 1 (t,x 1 ,y)dy < / k Ml (t, xx,y)dy+ / k Ml (t,xx,y)dy. 

JQxnB^xi) JM x \B R {xi) 

We conclude from Lemma 121)1 that there is an Rq G (Rx, R) and a time T3 > such 
that we have 



k M 

fiinBjjtzi) 



1 (t,x 1 ,y)dy< / k Ml (t,xx,y)dy, 

J B Ro (x 1 ) 



for all £1 € /1 and i G (0, r 3 ). Choosing < (5 < i? — i?o we find, with the help of 
Corollarv l2.4l a time To > such that 

/ kM 1 {t,x 1 ,y)dy < / k Ml (t,xi,y)dy, 

for all xi G /1 and t G (0, To). Combining these facts we end up with 



kMtH, xx,y)dy < / k Ml (t,xx,y)dy, 

fil J B Rq + s (xi) 

for all xx G ii and t G (0, min{To, T3}). Since Rq + 5 < R < R, this proves 
Proposition B. □ 

The above lemmata enable us, finally, to present a relatively short proof of 
Theorem H 
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Proof of Theorem^ We start with an obvious inequality and use (HK3) to obtain 
k M (t,xi,y)dy < / k M (t, x 1: y) dy + / k M (t,x 1 ,y)dy 

rfl , 

gM(r)A!(r)dr+ k M {t,xi,y) dy. 

Jm\b a ( Xi ) 

The assumptions on A\ , A 2 and positivity of the heat kernel imply that there is an 
Rq G {R, R) such that 

£ rRo 

g M {r)Ai{r) dr < \ g M {r)A 2 (r) dr. 
Jo 

Choose S > such that R + 5 < R. Since A 2 (r) > for all r G [i?o, -Ro + $\ we can 
find an rj > such that 

A 2 (r) =vol n -i(S r (x2)nn 2 )>V™l n -i{S r {x2)), for all re [R 0l R a + S]. 

Corollary 12 . 41 implies that there exists a tq > such that 

/■ rRa+S 

/ k M (t,X!,y)dy <-q g M (r)vo\ n ^ 1 (S r (x 2 )) dr 

JM\B R (_xi) JRo 

nRo+S 

< / ffji*(r)A 2 (r)dr, 
for all i G (0, To). Putting these inequalities together we conclude that 

r rRo+S r 

/ k M (t,X!,y)dy < / g M {r)A 2 {r) dr < I k M (t, x 2 ,y) dy, 

Jfl! JO JQ.2 

for all t G (0, to). □ 

3. Proof of the other results of the Introduction 

Proof of Corollaru MJA Let Tj = fi| for j = 1, 2. Then i?J agree with the distances 
from the complements Tj. Applying Theorem ^ we conclude that 

(xi,ri,Mi) y (x 2 ,t 2 ,m 2 ). 

Property (HK2) and vol n (dH,j) = imply 

(x 2 ,Q 2 ,M 2 ) y (n.fii.Mi), 

finishing the proof. 

□ 

Corollary 11.51 is a trivial consequence of Theorem ^ 

Proof of Corollarv \l.b\ Let / : (0, oo) x M — * K denote the unique solution of QJ. 

It is sufficient to prove that the limit of every convergent subsequence of al- 
lies in Ioalfl). So let us choose a convergent subsequence which we denote for 
simplicity again, by Xj. By continuity of R : f2 — > [0, oo) it suffices to prove that 
R(xj) — > i?oo(il). Let e > be an arbitrary small number. Choosing := {x G 

| i?(a;) < i?oo(ri) — e} and I 2 := /^(fi), we conclude from Theorem ^ that there 
is a r > such that we have for all < t < r, 

f(t, zi) < f(t, z 2 ) for all z\ G h, za G h- 
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Consequently, we have Xj £ I\ for all j with tj < t. This finishes the proof of the 
corollary. □ 

Proof of Proposition \1.7\ The Euclidean heat kernel on K™ is given by 

V ' ' yJ (47rf)™/2 

Let C R" be compact with vol„(f2) > and tl be its convex hull. By |ChK-90| 
the maxima of / := /n,R™ are located in Q. 
We first prove that there is a T > such that 

f(t,x) = / k(t,x,y)dy 
Jn 

is a concave function on fl for all t > T. This immediately implies that H(t) C Cl 
consists of a single point for all t > T. An easy calculation shows that 

k(t,x,y) 



Dl k(t, x, y) = ^pQ(t, x - y) with Q(t, z) = - S t] ) 



Note that Q(t, z) can be considered as a perturbation of the negative definite matrix 
—Id. Since f2 is bounded, there is a T > such that Q(t,x— y) is negative definite 
for all x, y £ Cl and all t > T. This implies for t >T and x £ Cl that 

(D 2 J(t,x)v,v) = J yh^ (Q(t,x-y)v,v) dy<0, 

<o 

i.e., D^f(t,x) is negative definite. 

Since D x f :Rxl™^ E™ is smooth, D x f(t, H(t)) = and det D 2 x f{t, H{t)) ^ 
for t > T, the implicit function theorem tells us that the map t H (t) is smooth 
on (T, oo). Finally, we have 

§- t f(t,H(t)) = %(t,H(t)) + (D x f{t,H(t)),H(t)\ 

=o 

= Af(t,H(t))=trDlf(t,H(t))<Q. 

□ 

Let M be the Euclidean or the hyperbolic plane. Note that for every t > we 
can express the heat kernel ku by 

k M (t,x,y) = g M (d(x,y)) 

with a strictly decreasing function gu ■ [0,oo) — > E (see property (HK3)). Propo- 
sition 11.81 follows now immediately from the following more general result (for a 
proof see, e.g., |FeT-73j or ^M)- 

Theorem 3 (Momentum lemma). Let M be the Euclidean or the hyperbolic plane 
and g : [0,oo) — > E be a strictly descreasing function. Let T,\,Y,2 C M be two 
polygons of the same area and the same number of sides. Assume that Si is regular 
and that x\ is its center. Then we have for all xi £ M : 



g(d(xi, x))dx > / g{d{x2,x))dx, 
and equality only holds if £2 is also regular and if xi is the center of £2 
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Proof of Provosition \l.fA The situation of the proposition is illustrated in Figure 
01 Note that we have \P — c(t)\ > R for t close enough to the origin 0. Thus the 
curve c(R) and the circle SR+ e (P) intersect in two points, for small enough e > 0, 
one of which is denoted by Q. 

Pythagoras and the asymptotics of x i— > \/l + x imply that 

e(t) = \P-c(t)\-R= 1 -^t 2 + o(e). 
Thus we can also express t as function of e near and obtain 



t(e) = ^B=^ + o{e^). 
VI — Rk 



This implies that 



6{e) ~ sin^(e) = M- = -L- [^2=^ + o(e^)) , 
R + e R-\- e I y 1 — Rk J 

which proves the proposition. □ 

Proof of Provosition \l.l(K Let n — dimM and ro := inj(x) > 0. We conclude from 
Lemma 12.21 that 

lim / k M (t,x,y)dy = lim / k M (t,x,y)dy. 
t^o+J n t^o+ J nnBro/2 (x) 

Let w n _i denote the volume of the unit sphere in W 1 . Applying Corollarv lC.il in 
Appendix |0 (with / = {x} and S = ro/2) we obtain 

lim / k M (t,x,y)dy 



nnB ro/2 ( x ) 



1 



r /2 



= lin l u +\n/2 / e 4t / {uo{x,y) + 0{t)) d\o\s T { x ){y)dr, 

with a uniform 0(t) on the compact set B ro / 2 (x) C M. Introducing 

Isanti Mx,y)dvol Sr ( x) (y) 



l(r) ■= „ i 

cj n -ir n 



we conclude that 



1 r r °/ 2 £_ r 
lin l. Ta 7W2 / e~~ / (t*Q(ar,J/) + 0(*)) dvol Sr( z)(?/)dr 



S,.(i)n!i 

1 Z" 00 

= lim / ku«(t,x,y)g(\x- y\)dy = lim a(r). 

The proposition follows now from 

r— >o a-i„_ir n_1 

and the fact that lim r ^o u o(2 ; i ex Pa ; ( r C)) = 1; uniformly for all £ in the tangent 
space S X M. □ 



GEOMETRIC HEAT COMPARISON CRITERIA FOR RIEMANNIAN MANIFOLDS 19 




Figure 7. Calculation of vol n _i (SV(-z) n ft) 



Proof of Corollary I 1.1 11 The proof proceeds in two steps. 

Step 1. We first consider the following model situation: Let C C R 2 be a smooth 
planar curve through the origin O with horizontal tangent and curvature k at O. 
Then there exists, locally near O, a parametrization c(r) = (x(r),y(r)) of C with 
x{r) > and satisfying 

\c{r)\ = r. 

This forces the Taylor expansions of the components x(r), y(r) to be of the form 

x(r) = r(l+0(r)), 
y(r) = r 2 (^ + 0(r)). 

Let 0(r) S [0, 7r/2) denote the angle between the line through O and c{t) and the 
horizontal x-axis. The above expansions imply for the asymptotics of the angle 
6{r) that 

6(r) ~ tan0(r) = ^ = r ( £ + Ofr)^ . 

Siep i?. Let z € dft be a smooth boundary point and L z : T z dVl — > T 2 <9ft denote 
the Weingarten map of <9ft at z with respect to the outward unit normal vector v 
of ft in z. Using polar coordinates in S r {z) about the center P — z — rv € S r (z) 
(see Figure 0) we conclude that 

vol„_ 1 (S* r (z)nfi) =r"" 1 / d£ / sin"- 2 (i)&, 

J s z dn Jo 
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where S z dQ is the unit tangent space of dQ in z and canonically isometric to the 
standard unit sphere S n ~ 2 and 9^ is asymptotically given by 



[ 2 sin"~ 2 (t)dt = 
Jo 



where £;(£) = (L z ^,^) is the normal curvature of d£l at z in direction £, by Step 1. 
Since 

' 1 - sin(0) + X)*=i a,j(l - sm 2i+1 (6>)) if n - 2 = 2k + 1, 
b(f - 6>) - £* =1 6j sin(2j0) if n - 2 = 2fc, 

with suitable constants a,j, b, bj and b, bj > 0, we conclude that 

sin"- 2 (t) dt = d- C 2 r^- + 0(r 2 ), 
with suitable constants C\,C-z > 0. This implies that 

A(r) = vo\ n ^(S r (z) nfi) = -vol„_i(S r (*)) - C 2 — / (L z £,QdZ + 0(r n+1 ) 

z 1 Js z on 

= VOln-^g"-^ ^,, _ ^ VOl^^"- 2 ) ^^^^ + 0(rn+1)j 

using iJ(3o(z) = tr(i z )/(n — 1). This finishes the proof of the proposition. 

□ 

Proof of Provosition Introducing 

Bx(r) := vol„(-B r (a;) n fl) and 5 2 (r) = vol n ( J B r ( 7 r(a;)) n S{fl)), 
we first note that 

(11) B 1 {r)<B 2 {r) for all r > 0. 

Namely properties (SI) and (S3) imply that 

S(B r {x) n fi) C B r (7r(a;)) n S(fi) 

and we obtain ^1 1ft immediately with the help of property (S2). Moreover, we have 
Bj(0) = and there is a constant ro > such that 

Bi(r ) =B 2 (r ) =vol n (0). 

Let t/M : [0, oo) — * (0, oo) be the strictly decreasing function satisfying kni(x,y) — 
gM(d(x,y)) for all x,y £ M (see property (HK3)). Inequality JSJ follows now from 
the following integration by parts argument for Stiltjes integrals: 

pro 

k M (x,y)dy = / g AI (r)dBi{r) 
; Jo 



= g(r )B 1 (r )+ B x (r) d(-g M (r)) 
Jo 

pro 

< g(r )B 2 (r )+ / B 2 (r)d(-g M (r)) 



gu(r)dB 2 (r)= k M (n(x),y) dy. 
Js(n) 

The proof of strict inequality in the non-symmetric case needs some harder work. 
W.l.o.g, we can assume that x — w(x) and E x = E. From the above arguments it 
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suffices to prove that there is a non-empty open interval / such that B\ (r) < B2 (r) 
for all r E I. E bounds two closed half planes H\,H2 C M. For z E E, let 
h z denote the g-line through z and X z denote the Riemannian measure of the 
submanifold h z C M. We introduce the functions fjiEx [0, 00) — > [0, 00) by 

fj{z,r) := \ z (B r (x)nnnHjnh z ). 

Note that the sets flj := flfl Hj can be reconstructed from the functions /, up 
to measure zero. Thus (essential) non-symmetry of means that /1 and f 2 are 
different measurable functions. In particular, there exists a radius p > such that 
/i("> P)> /aO) p) € L 1 {E) do not coincide. Let A denote the Riemannian measure of 
the hyperplane E C M. Assume that fi(-,p) > fi p) on a set of positive measure. 
For all L > 0, < m < n we introduce the sets 

A L , m ,n -^{wEE x \L< fi(w,p) + f 2 (w,p) <L + l/n 

and fi(w,p) > h{w,p) + 1/m}. 

Our assumption implies that we can find a point z E E and L>0,0<m<n 
appropriately such that we have, for every open neighborhood U C E of z: 

\(u n A Lim , n ) > 0. 

For any small number e > (to be specified later), we can choose an open interval 
I and a neighborhood U of z such that we have, for all r E I and w E U: 

L - e < X w (B r (x) n hw) < L. 

Then we have, for all w E U n AL, m ,n and all r E I, 

X w (B r (x) n S(Q) n hj\ = X w (B r (x) n h w ). 

Since f?(w, p) < 4 + tt — -J— we obtain, on the other hand. 

j z\ ) f 1 — 2 2n 2m 5 

A^^iJnOnli,,,] = fi(w,r) +fa(w,r) < -X w (B r (x)nh w ) + f 2 (w,p) 
< U^)nyi(i + ifi 

Since m < n we can choose e > originally small enough such that 

X w (Br{x) nVLCMi w ^j < X w \B r (x) n S(Q) n h w j - <5, 

for a suitable small 8 > 0, for all r E I, on a set of positive measure in U. Since we 
have, for all other w E E: 

x w (b t {x) n n h w ^j < x w \B r (x) n S(Q) n hj\ , 

we conclude with Fubini that B\(f) < ^(r) for all r E I. This finishes the proof 
of strict inequality in the non-symmetric case. □ 



Appendix A. A square-shaped dumbbell 

Consider the initial temperature distribution \n where consists of two squares 
of the same side length a > connected by a rectangle with the side lengths b, c > 
(see Figure|SJ). One easily concludes that the set H{t) is contained in the horizontal 
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y 



-b -2a -x(t) -b b x(t) b + 2a 



Figure 8. Movement of hottest points in f2 

x-axis. The temperature distribution f{t,x) of a point z — (x,0) at time t > is 
given by 

/>c />6+2a 

2wtf(t,x) = e-y 2 '^dy e ~(— 2 /(4t) + e -(*+*') 2 /(4 t)rfa / 



JO 



-y 2 /^dy [ b+2a e^-* ') 2 /( 4 ') +e~^ +x "> 2 ^dx'. 



i, 



For fixed t > 0, we have 

^ 2 /(4t) 2L 



ire 

ox 



(t,x) = (^V^dy) e- b ' 2 /^ sinh(^) 



Introducing 

sinh(^a;) 
sinh(2±|2a;) 

the extrema of /(i, •) are at x = and at the absolutions of 

For fixed i > 0, the function ht is even and strictly decreasing to zero on [0, oo) 
with h t (0) = b/(b + 2a). Consequently, the condition ljl2|l has precisely one solution 
x{t) in (0, oo) iff 



$™e-y 2 /^)dy b + 2a 

and no solution, otherwise. Moreover, in the first case we can conclude that x(t) £ 
(0, b + a), because for x\ = b + a we obtain 

h t (xi) < e^ Xl ~ b -^ Xl = e - {a2+ab)/t < git), 
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where we used the estimate 

sinhit 



sinh \ 

Note that 



Iimg(t) = 0, lim g(t) = > 



t— »o t^oo' a — c b + 2a 

and that g : [0, oo) — > [0, oo) is a product 

of three strictly increasing continuous functions. Therefore there is a unique to > 
such that 

f a e -y 2 /(4t ) ( 7 u . x h 
(13) ff(t0 ) = 4f^* e -(-»-H*)/«o = 



f^e-vy^dy b + 2a 

We conclude that the set H (f) of hottest points at time t is given by {— x(t), x(t)} C 
(—6 — a, b + a) for < t < to and that both temperature maxima collapse at the 
origin at time t = t . For t > t , the origin is the only temperature maximum. 
Equation l|Lj[l allows to calculate the critical time to U P to any precision. In the 
case c = we obtain 

_ 1 (6 + 2a) 2 - b 2 
*° ~ 4 ln(b + 2a) - ln(6) ' 

For fixed a,b > the time of collapse to = to (a, 6, c) becomes arbitrarily small as 
c / a. 

Appendix B. A tube about a space curve 

Let C C R 3 be a smooth space curve, c : [a, b] — > R 3 be an arc length parametriza- 
tion of C, 

AW := c(t), 
c(t) 



/2CO : .. I, ■ 

ll c 0)ll 

h(t) ■■= h(t)xf 2 (t) 

be the accompagnying Frenet trihedron and k, t the curvature and the torsion of 
c. Let < R < — ^^ ^ ^ and S be the closed tube of radius R about C. 

max K(t) 

We fix t € [a, b] and set k := «(to). For every angle a € [0,2tt) we introduce 
the plane 

E a = R 5l (a)+R 52 (a) 

with 

51(a) = /1 (t ) and g 2 (a) = cos af 2 (to ) + sin af 3 (t ) . 

There is a canonical identification of E a with R 2 via (x, y) 1— > x</i(a) + yg 2 (a). 

Let 2± := c(to) ± Rg 2 (t ) € 9E. The intersection <9£ D (c(to) + I? a ) consists, 
locally near z_ and z+, of two plane curves. Let C a C c(to) + -E Q denote the 
component of this intersection through z+ . We call C a the distance R curve of C 
in direction a (see Figure EJ. We first prove the following result: 



24 LEON KARP AND NORBERT PEYERIMHOFF 



C 




Figure 9. The distance R curve C' a of C in direction a 

Proposition B.l. Let C' a be the distance R curve of C in direction a G [0, 2tt) 
and c a : (to — e, to + e) K 3 be a parametrization of C a near z + = c(to) + ^.92 (to) 
satisfying 

(14) \c(t) - c a (t)\ = R for allte (t -e,t + e). 
Let Kq > denote the curvature of C in c(to). Then we have 

c a (to) — (l — RkqCOSo) gi(a), 
<ia(to) = Ci gi(a) + Kocosa (l — RkqCOSo) g2(a). 
( The constant C\ is of no importance for our considerations.) 

Proof. Let a £ [0, 2tt) be fixed. Let x, y : (to — e, to + e) — > R denote the coordinate 
functions of the curve c a in the plane c(to) + E a , i.e., 

c Q (t) = c(t Q ) + x{t)g 1 (a) + y(t)g 2 (a) 

(15) = c(io)+ar(i)/i(to)+j/(t)(cosa/2(to)+sina/ 3 (to))- 
Note that x(0) = and y(0) = R. 

<|14fl implies that there is a smooth function a : (to — e, to + e ) - * R with a(0) = a 
and 

(16) ca(t) = c(t)+fl (cos a(t)/ 2 (t)+sma(t)/ 3 (t)). 
Using (|15f>. (|16|) and the Frenet equations, we conclude that 

c a (t) = i(t)A(t ) + (cosa/ 2 (t ) + sina/ 3 (t )) 

= (l - Rn{t) cos a(t))fi(t) + R (a(t) + r(t)) ( - sina(t)/ 2 (t) + cosa(t)/ 3 (t)). 
Comparison of coefficients at t = to implies that 

a(to) + r(t ) = 0, 

i.e., we have 

c Q (t ) = (l - i?K cosa) gi (a). 
Differentiating again and using again the Frenet equations, we obtain 

c a (t) = x(t)fi(t Q ) + j/(t) (cosa/ 2 (to) + sina/ 3 (to)) 
= ( - Rk{t) cos a(t) + Rn(t)a(t) sina(t)) /i(t) 

(17) +(«(*) - RK 2 (t)cosa(t) - i?(a(t) + f(t)) sin a(t)) / 2 (t) 
+ J R(a(t) + f(t)) cosa(t) / 3 (t) + + r(t)) v(t), 
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with a suitable vector valued function v : (to — e,to + e) — > R 3 . Using a(to) +r(to) = 
0, the comparison of the coefficients of fi and at t = to yields 

R(a(to) + r(to)) = «o sin a (l — Rkq cos a) . 

Inserting this back into (|17|) we end up with 

c a (t ) — Ci fi(to) + (1 - i?Kocosa)(K - k sin 2 a) / 2 (io) 
+ (1 — Rkq cos a)Ko sin a cos a f 3 (to) 

— C\ 31(a) + (1 — i?^o cos a)Ko cos a 32(a). 
This finishes the proof of the proposition. □ 
Next we calculate the planar curvature k a of C a C c(ta) + E a in z + . Let 
53(a) = 31(a) x 32(a) = - sina/2 + cosa/ 3 _L E a 

and 

J : E a ^ E a , J(v) = 33(a) x v 
be rotation in E a by tt/2. Then Proposition IB . ll implies that the planar curvature 
of c a in to is given by 

„ _ (c a (t ), J(c a (t Q ))) _ kq cos a 

||c a (io)|| 3 1— Rkqcoscx 

We are now able to calculate the asymptotics of 

e^A(i? + e)=vol 2 (5 R+e (c(i ))nE). 
Using Fermi coordinates on the sphere Sn+ e (c(to)) about the great circle 
S R+e (c(t )) n (c(t )+Rg 2 (a)+Rg 3 (a)) 

we obtain 

A(R + e) = 4ir(R + ef - (R + ef / / cos9d0da 

Jo J-6 a (e) 

= 4vr(i? + ef - 2{R + ef [ ( sm9 a (e) + sin9 a+7r (e)) da, 

Jo 

where the angle 9 a (e) € [0,7r/2] is described in Figure IT01 (Note that in Figure ITU1 
5R +e (c(to)) denotes the circle about c(t ) of radius R + e in the plane c(t ) + E a 
and not the 2-dimensional sphere.) Applying Proposition 1 1.91 (with curvature k = 
—k a = — K cosa/(1 — i?K cosa), seen from c(t )) we conclude that 

sin6» a (e) ~ 9 a (e) = — [y/l - Rn a cosa + o(l)) e 1/2 . 

Consequently, we obtain 
A(R + e) = 4vr(i? + e) 2 

-V8R(R + e)fj yjl - Rk cos a + yjl + Rk cos a da + o(l)j e 1/2 , 

which implies that 

<K{h)< «(«2) => (c(i 2 ),£,R 3 ) >- (c(ii),E,R 3 ), 
similarly as in the two-dimensional case. 
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c(t ) + E a 



Figure 10. The angle 9 a (e) 

Appendix C. Small time asymptotics of the heat kernel 

The aim of this appendix is to prove Corollarv lC.ll below. a result, which was used 
in earlier sections. Let M be a complete Riemannian manifold with lower bound 
— k < on the Ricci curvature, upper bound K > on the sectional curvature and 
lower positive bound io on the injectivity radius. For any open subset U C M let 
kjj(t,x,y) denote the corresponding Dirichlet heat kernel. 

Theorem 4 (Principle of not feeling the boundary). Let I C M be a compact 
subset and U C M be an open subset containing I and e > 0. Then there exists a 
constant C > 0, depending only on dimAf, k, K, and iq, such that we have for all 
x,y € I and all t € (0, yj io /2] : 

\k M {t,x, y) - kB(t, x, y)\ < Ce~ d2 f^\ 
where d € (0, oo] denotes the distance between I and dll . 



Proof. Let x, y € I and t £ (0, y/ioj2] be fixed and, for small 8 > 0, let f s £ C°°(M) 
be a non-negative function with support in B$(y) C U and total integral one. Let 



g(t,x)= / k M (t,x, z)fs(z) dz and g (t,x) = / k v (t,x, z)fs(z) dz. 
Ju Ju 

Since ku > k® , we conclude that 

h = g~g D : [0, oo) x U -> [0, oo) 

is a solution of the heat equation with h(0, x) = for all x £ U and h(s, x) > for 
all (s,x) £ (0, oo) x dU. The maximum principle (see, e.g., |Tay-96| Section 6.1]) 
implies that 

(18) h(t,x) < max h(s,w). 

(s,w)e(0,t]xdU 

For every (s,w) £ (0,t] x dU we have with |LY-86I Cor. 3.1] 

0<h(s,w)= (k M (s,w,z) - k§(s,w,z))f s (z)dz < / k M (s,w, z)f s (z) dz 

JU JBs{y) 

.'-(d-S) 2 ' 

< max Kjf(s, w, z) < C exp ' 



zeBs(y) ' ' ' - 1 \ (4 + e)t 
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since y £ I,w £ dU and d(Bs(y), dU) > d — 5. Note that C > depends only on 
the parameters mentioned in the theorem. Letting 6 — > we finally derive from 
(|T%j) that 

< k M {t, x, y) - kg(t,x,y) < C exp ( -^ -^-^ j , 
finishing the proof of the theorem. □ 

Corollary C.l. Let I C M be a compact subset and < 5 < min X £jinj(x). Then 
we have, for all x £ I and y £ Bg(x): 

k M (t,x,y) = ^-±^ e - d2 ^y^(u (x,y) + O(t)), 

with a uniform 0(t) and itn given by the Minakshisundaram-Pleijel expansion. 

Proof. We choose an open set U C M with d(I, dU) > large enough. The 
Minakshisundaram-Pleijel expansion for the Dirichlct heat kernel yields, for all 
x £ I and y £ Bg{x): 

k u^ y) = -±—e-*<.*>vVW> (u {x, y) + 0(t)) . 

We conclude with Theorem 0] that the same asymptotics holds true for the heat 
kernel kM- D 
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